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Mathematical models of Redox Flow Batteries (RFBs) can be used to 

analyze cell performance, optimize battery operation, and control the 

energy storage system efficiently. Among many other models, physics-

based electrochemical models are capable of predicting internal states 

of the battery, such as temperature, state-of-charge, and state-of-health. 

In the models, estimating parameters is an important step that can study, 

analyze, and validate the models using experimental data. A common 

practice is to determine these parameters either through conducting 

experiments or based on the information available in the literature. 

However, it is not easy to investigate all proper parameters for the 

models through this way, and there are occasions when important 

information, such as diffusion coefficients and rate constants of ions, has 

not been studied. Also, the parameters needed for modeling charge-

discharge are not always available. In this paper, an efficient way to 

estimate parameters of physics-based redox battery models will be 

proposed. This paper also demonstrates that the proposed approach can 

study and analyze aspects of capacity loss/fade, kinetics, and transport 

phenomena of the RFB system. 

 

 

Introduction 

 

Redox Flow Batteries (RFBs) are promising energy storage systems for grid/microgrid 
applications (1). There has been significant technological progress in the recent past towards 
meeting the growing need for large-scale energy storage systems for RFBs (2). Among different 
types of RFBs, Vanadium Redox Flow Batteries (VRFBs) have gained more attention, and as 
a result of this, several physics-based electrochemical models for these systems describing the 
physics of the battery operations have been developed (3-12). 

Physics-based electrochemical models can be classified by dimensions, from zero- to 
two-dimensional models as shown in Table I. Models in each category have their own 
advantages and can be used depending on users’ purposes. For example, zero-dimensional 
models have been developed to be easy to implement, enabling to quickly understand, predict, 
and control the battery system (9, 13). Multi-dimensional models have been implemented with 
the more detailed physics of the system (3). As described in Table I, the current trend is to 
include more ions and detailed physical phenomena, such as transport of ions and side reactions 
of the system (8, 12), and therefore models with further complexities have been built. Most 
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models are still based on isothermal effects and dilute solution theories. For zero-dimensional 
models, a model was developed for static cell systems, including diffusion of vanadium ions 
through the membrane (11), and this was the first attempt of the zero-dimensional models to 
simulate ions crossover through the membrane (11). The model was further developed to 
models that include all ions and transports of the system (3, 13). For one-dimensional models, 
one-dimensional membrane models based on dilute and concentrated solution theories have 
been developed assuming bulk electrolytes at positive and negative (14, 15). For two-
dimensional case, flow cell models have been developed to include diffusion, migration, and 
convection of all ions and detailed physics of the system (3).  

An efficient way of combining physics-based electrochemical models and parameters 
estimation techniques can facilitate the research on energy storage technologies which are 
indispensable for the success of intermittent sources of energy. For instance, the current 
practice in the grid/microgrid control systems is to utilize empirical battery models regardless 
of the types of the batteries (16). More extended battery life and reduction in the size of RFBs, 
which are two of the most critical factors in battery control system, can be achieved better if 
these empirical battery models are replaced with physics-based electrochemical models. The 
physics-based models have the power of predicting the battery performance and internal states 
accurately. With such detailed models, an efficient equation-based PV-Battery microgrid 
framework was recently developed that can implement any kind of physics-based 
electrochemical battery models (17). Once the specific battery models are incorporated into the 
efficient equation-based microgrid framework, an important task is to estimate the parameters 
used in the model. The values of these parameters need updating at certain regular intervals to 
reflect the change in battery behavior over the cycles of charging/discharging. This enables the 
models to have accurate predictions for several states of battery parameters, leading to a better 
prediction of battery usability and life. The proper estimation of parameters with physics-based 
battery models can maximize battery life and usability. It also helps analyze and study the 
kinetics of ions, transport phenomena, and capacity fade/loss of the cell system. However, 
several attempts to estimate the states and parameters of VRFB system have been made using 
empirical/equivalent circuit-based models, which do not include physics of the battery in 
details.(18-20) Also, other research works collect most of the parameters from the experimental 
literature and estimate one or two remaining parameters in mathematical models (3, 9). 
However, many of these experiments require either physical destruction of the battery or 
tedious as well as sophisticated experimental setup (21-23). For example, dialysis cell, pumps, 
and measuring cylinder are utilized to investigate diffusion coefficients of ions through a 
membrane in an RFB experimental setup (24). Also, a design of a sophisticated experiment, 
including a linear sweep voltammetry and electrochemical impedance spectroscopy, was used 
to investigate reaction rate information for the kinetic parameters at electrodes (25, 26).  

In this paper, we show that the proposed estimation approach can help study and analyze 
important aspects of redox batteries, such as capacity fade/loss, kinetics, and transport of ions, 
including physics-based battery models for a laboratory-scale static cell system. The 
laboratory-scale static cell system, consisting of a transparent H-cell, a membrane, electrolytes, 
and electrodes, has been used to study the performance of RFBs quickly due to its 
straightforward and easy implementation (27). Estimation of all parameters of the physics-
based electrochemical model for VRSBs has been addressed using two cell systems, which 
include two different membranes, assuming that both systems have some common 
characteristics, such as kinetics at the electrodes, the formal potential, and the contact resistance 
except for diffusivity of ions through the membranes. Firstly, a reference Nafion 115 membrane 
is used. As diffusion coefficients of vanadium ions for a Nafion 115 membrane are available in  
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Figure 1. Schematic of the laboratory-scale VRSB system. (a) An actual image of the system 
for a discharge state. The blue electrolyte represents VO2+ (positive) and the green electroltye 
represents V3+ (negative). (b) Specification of the system. The static cell system has advantages 
of being easy and simple to implement and a quick understanding of the performance of the 
RFBs. Coupling with electrochemical engineering models for VRSBs helps modelers estimate 
parameters and analyze cell performance efficiently.  

 

 

the literature, this information is utilized to estimate other cell system parameters, such as cell 
resistance and rate constants in the static cell model. The effects of diffusion and migration of 
ions in the system, which cause capacity fade/loss to the battery, have been analyzed based on 
the obtained information. Moreover, it has been shown that diffusion coefficients of vanadium 
ions for other membranes can be estimated based on the estimated parameters in the Nafion 
115 system. Using this concept, four vanadium ions’ diffusion coefficients of a Nafion XL 
membrane, which are not available in the literature, have been estimated. Once the parameters 
have been obtained, one can use the kinetic and transport parameters for simulating redox 
battery system as well. 
 

Experimental 

 

Materials 

 

Vanadium (IV) oxide sulfate hydrate (VOSO4·xH2O) (28) and an aqueous sulfuric acid 

solution (H2SO4) (29) were purchased from Aldrich and used as received. Nafion XL (30) and 

Nafion 115 (31) membranes were purchased from DuPont and used after pretreatment using 
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distilled deionized water (DDW) and an aqueous sulfuric acid solution at 80°C for 30 minutes, 

respectively. POCO graphite electrodes were purchased from Saturn Industries (32). 

 

Instrumentation 

 

     The performance of the static cell was obtained at different C-rates, using a Solartron SI 
1287 potentiostat (33). 
 

The static cell system 

 

     The H-cell (Adams and Chittenden Scientific Glass) (34) consists of a positive and a 

negative chamber as shown in Figure 1. A membrane is located between these two chambers 

and the membrane is in contact with the electrolytes of the half-cell. The volume of the 

electrolytes at the positive and the negative chamber is 10 ml each. Two graphite electrodes 

with specific reaction surface (1cm × 1cm × 0.1cm) are vertically placed in the center of each 

chamber and fixed with the plastic caps of the H-cell. There are rubber gaskets inside these 

plastic caps and silicon is attached to the gaps between the electrode and the gasket to prevent 

oxygen leakages from outside the system.  

 

Preparation of electrolytes 

 

     Sulfuric acid solution (H2SO4, 6.73 mL) was slowly added to 7.5mL of DDW, and the 

final volume was adjusted to 30 mL using DDW to prepare 4M sulfuric acid solution (H2SO4). 

0.603g of vanadium (IV) oxide sulfate hydrate (VOSO4·xH2O) was added very slowly and 

stirred at 60°C for 1 hour. The hydration of the vanadium oxide sulfate (VOSO4) was 

determined by Karl Fischer titration using a Mettler Toledo C20 Coulometric KF Titrator with 

a DO308 oven attachment (35). The instrument was located inside of a dry room where the 

dew point is -64ºF. Karl Fisher showed two water molecules were hydrated to one vanadium 

oxide sulfate (VOSO4·2H2O), and the molecular weight (201.042 g/mol) was calculated based 

on the indication. 30 mL of 0.1M vanadium (IV) oxide sulfate (VOSO4) in an aqueous 4M 

sulfuric acid solution (H2SO4) was prepared. Next, 10 mL of 0.1M vanadium (IV) oxide sulfate 

(VOSO4) in an aqueous 4M sulfuric acid solution (H2SO4) was added to the positive and 

negative chamber, respectively. The static cell system with Nafion 115 membrane was slowly 

charged at C/20 ratio to convert VO2+ to V3+ at the anode and VO2+ to VO2
+ at the cathode. 

When the upper limit voltage of 1.7V was exceeded, the charge was set to be terminated, and 

93.9% V3+/6.1% VO2+ electrolytes at the negative chamber were achieved by the coulombic 

calculation. After that, VO2+/VO2
+ electrolytes at the positive chamber were drained and 

refilled with a new 10 mL of 0.1 M VO2+ in 4 M sulfuric acid solution (H2SO4). 

 

Cell operation 

 

     For the Nafion 115 system, a typical CC-CV profile (CC: Constant Current, CV: 
Constant Voltage) was applied (maximum voltage: 1.7V). Once the static cell voltage was 
reached at 1.7V, it was charged with the CV until the applied current is saturated. That is, CV 
continued until the exponentially decaying applied current stopped decreasing. For discharging, 
the CC profile was applied. The CC-CV profile was used to analyze the cell systems’ 
performance at different C-rates (C/20 and C/30), making the cell systems to reach full capacity 
and study the effects of diffusion and migration. For the Nafion XL cell system, we focused on 
parameter estimation on diffusion coefficients of the membrane, assuming that all cell system 
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parameters are the same with the Nafion 115 system except for the ions’ diffusion distance, the 
potential gradient inside a membrane, and diffusion coefficients through the membrane. For 
charging and discharging, therefore, a CC profile (C/30) was applied to the static cell system. 
The temperature of the H-cell was maintained at 25°C in the Tenney Environmental Chamber 
(36). The gas washer, which was filled with water and connected to the argon line and cell 
system, minimizes evaporation of electrolytes. During the charging and discharging process, a 
magnetic stirrer was used to make uniform concentrations of the electrolyte in the positive and 
negative chambers. 
 

Model 

 

Coupling the static cell with zero-dimensional models enhances the easy and straightforward 
implementation and mitigate computational challenges to simulate models and estimate their 
parameters. For this reason, a zero-dimensional model was implemented as an example of 
combining with the proposed estimation approach. Migration effects of vanadium ions through 
the membrane, the diffusion distance of the membrane, and kinetics at electrodes have been 
added (3, 9, 13) to a zero-dimensional electrochemical static cell model (demonstrated by Tang 
et. al (11)) which includes diffusion of vanadium ions through the membrane. Parameter 
estimation techniques were combined with the zero-dimensional model to estimate the 
parameters appearing in the equations. All relevant equations (Equations 1-4, 9-12, and 17-21 
in Table II, III, IV, respectively), variables (Table V), and parameters (Table VI), which are 
used to model and simulate the VRSB system, are listed in Tables II-VI (3, 9, 11, 13).  

 

Assumption 

 

     The following assumptions were made in the static cell model: (i) Side reactions between 
two different vanadium ions, due to diffusion and migration of ions through the membrane, 
occur immediately once vanadium ions cross the membrane (3); (ii) Since the gas washer is 
connected to the static cell system to minimize evaporation of the electrolyte, evaporation of 
the electrolyte is ignored in the model; (iii) Faraday’s law of electrolysis has been utilized to 
estimate the rate of reactions of vanadium ions at the cathode and anode; (iv) Hydrogen (H2) 
and Oxygen (O2) generations, which evolve at the electrode during charging and discharging, 
are ignored due to low C-rates (8, 12); (v) Nafion 115 and Nafion XL systems have the identical 
kinetics at the electrodes, the formal potential, and the contact resistance; (vi) The potential 
gradient inside a membrane remains constant during battery operation (charging and 
discharging); (vii) No side reactions take place between other vanadium ions in a membrane.  

 

Diffusion and migration 

 

     The undesired but unavoidable crossover of vanadium ions through the membrane, 
which leads to capacity loss/fade during charging and discharging, is caused by the diffusion, 
migration, and convection of ions (3). In this static cell model, however, diffusion and 
migration are considered as the main causes of transport. Convection is one of the important 
transport phenomena in flow cells, but not relevant in static cells since they contain static 
electrolytes. The diffusion of vanadium ions occurs at all times regardless of the cell’s operating 
conditions since the driving force of the transport is the concentration gradient between the 
positive and negative electrolytes (11). In contrast, the net flux of ions through the membrane 
by migration occurs differently. This is because the driving force of the crossover of ions is to 
maintain electrical neutrality of the positive and negative electrolytes. When vanadium ions  
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Figure 2. Crossover of vanadium ions through the membrane by diffusion and migration during 
(a) charging and (b) discharging. A blue colored dotted arrow indicates VO2+/VO2

+ diffusion 
(see the first arrow from the top in (a) charge and (b) discharge), a wine colored dotted arrow 
represents VO2+/VO2

+ migration (see the second arrow from the top in (a) charging and (b) 
discharging), a sky-blue colored solid arrow shows V2+ / V3+ diffusion (see the third arrow from 
the top in (a) charging and (b) discharging), and a red colored solid arrow represents V2+/V3+ 
migration (see the fourth arrow from the top in (a) charging and (b) discharging). The main 
transport phenomena of the static system are diffusion and migration. The diffusion of 
vanadium ions through the membrane has the same direction regardless of charging and 
discharging and the direction of migration through the membrane is affected by charging / 
discharging conditions. 
 

 

cross the membrane, the ions face the potential gradient by migration effects, which slows 
down or increases the total ion flux as shown in Figure 2. The migration effect occurs from the 
positive side to the negative side during charging, which is the same direction to the diffusion 
flux of VO2+ and VO2

+ and the opposite direction to the diffusion flux of V2+ and V3+. During 
discharging, the migration effect occurs from the negative side to the positive side for vanadium 
ions of the system. In the proposed model, both uni- and anti- directional migration effects (to 
the diffusion flux) inside a membrane have been added to the zero-dimensional model, 
assuming that the potential gradient of migration effects remains constant during charging and 
discharging. After that, the potential gradient is estimated directly. Also, the crossover of the 
vanadium ions through the membrane causes side reactions in the electrolyte as shown in 
Figure 3 (11). Once vanadium ions cross the membrane, reactions between two different 
vanadium ions occur, producing VO2+ ions at the positive electrolyte and V3+ ions at the 
negative electrolyte, and this, in turn, causes the capacity loss/fade of the battery (11).  

 

Governing equations 
 

     Equations 1-4 and 9-12 of the static cell model, as given in Tables II and III, depict the 
dynamics of the concentration of vanadium ions including diffusion and migration through the 
membrane during charging and discharging, respectively (11, 13). This is a system of eight 
Ordinary Differential Equations (ODEs). In Tables II and III, mass balance equations, 
consisting of the rate of accumulation of ions, the rate of ions entering the opposite chamber, 
the rate of ions flowing out from their own chamber, and the rate of loss or generation of ions,  
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Figure 3. Side reactions caused by crossover of vanadium ions through the membrane durging 
charging. One mole of V2+, which moves across the membrane from the negative electrolyte, 
reacts with two moles of VO2

+ in the positive electrolytes producing three moles of VO2+. One 
mole of V3+ crossover from the negative electrolyte causes a chemical reaction with one mole 
of VO2

+ producing two moles of VO2+ in the positive electrolyte. Similarly, in the negative 
electrolyte, two moles of V3+ are produced by a chemical reaction between one mole of V2+ 
and one mole of VO2+, which moves from the positive electrolyte, and three moles of V3+ are 
produced by a chemical reaction between two moles of V2+ and one mole of VO2

+, which 
moves from the positive electrolyte. 
 

 

were established for vanadium ions. In other words, the rate of accumulation of each vanadium 
ion species (V2+, V3+, VO2+, and VO2

+) is the sum of the rate of production of the vanadium 
ions by side reactions, the rate of outflow into the opposite chamber, and the rate of generation 
or loss at the electrode by the electrochemical reactions. 
 

Additional equations 

 

     Table IV presents additional equations including the cell voltage, the open circuit voltage, 
and the overpotential used in the model (9, 11, 13). The cell voltage given by Equation 17 is 
used in the static cell model (11). The formal potential is used to calculate open circuit voltage 
of the static cell system as given in Equation 18. To use the formal potential, the proton 
concentration is removed from the logarithmic term in the Nernst Equations (11). The 
concentration of hydrogen ions in the positive half-cell electrolyte is not known accurately 
since several ionic equilibria affect the equilibrium concentrations of all the ionic species in 
the VRSB electrolyte (11). The overpotential at the positive and negative electrodes, including 
the activation barrier, is calculated as given in Equations 19 and 20, and a charge transfer 
coefficient of 0.5 is applied to the overpotential (9). Equation 21 represents the conductivity of 
the membrane (37). 

 

Parameter Estimation 

 

The model parameters are fitted with the experimental data to estimate their values using  
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Figure 4. Parameter estimation of the static cell system with charging/ discharging curves at 
different C-rates. We show a way of estimating all parameters in a model, which can help 
analyze and study the performance of the cell system. 
 

 

mathematical optimization techniques. There are ten parameters in the model, which are 
estimated by the parameter estimation approach, e.g., diffusion coefficients of four different 
vanadium ionic species for membranes, the contact resistance of the cell, two reference rate 
constants at cathode and anode, the formal potential, the diffusion distance of the membrane, 
and the potential gradient inside the membrane. Given certain realistic values of these 
parameters, the model can be simulated to predict the values of voltage at certain time intervals. 
The final estimated parameters are obtained by solving an optimization problem where the sum 
of squares of the differences in the voltage outputs between the model and experiment divided 
by the total number of experimental data points (known as the Mean Square Error, MSE) for 
the first cycle (charging and discharging) of the system is minimized, and unknown parameters 
are used as decision variables (38). The objective of the optimization approach can be 
expressed as follows:        

            
N

2

exp, j model, j

j 1

1
min [V V ]

N 

                       [22] 

 

where N is the total number of experimental data points for charging and discharging, 
exp, jV  

and 
model, jV  indicate the experimental and model predicted voltage value of the static cell for 

the j th data point, respectively. In this paper, the number of 200 voltage data for charge and 
discharge was collected at regular time intervals. The optimization routine uses several values 
of the optimizing parameters iteratively before choosing the optimal values for which the 
objective function (as given in equation 22) subject to model equations, initial conditions, and 
bounds for the parameters is minimized. The parameter estimation of ten parameters is 
performed with two cell systems. In each of the system, some parameters are known a priori 
while other parameters are estimated through the parameter estimation approach as shown in 
Figure 4. The initial guesses, bounds, converged parameters, and minimized MSE are 
summarized in Table VII, and the values in Table VII were rounded off to the fourth decimal 
place. The trial-and-error method has been utilized to obtain initial guesses and lower/upper 
bounds in this optimization problem (39). Initial guesses were set up based on prior information 
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(e.g., lower bound of diffusion distance is membrane thickness), and lower and upper bounds 
were adjusted based on the initial guesses (up to 20% from initial guesses) to the identify 
minimized MSE. Analyses and studies of simulations and optimizations in this work were 
carried out on a workstation with dual 8-core, 3.10GHz Intel Xeon processors, 32.0 GB RAM 
using the NLPsolve (optimization method: nonlinearsimplex, and evaluation limit: maximum) 
(40) and Globalsolve (evaluation limit: maximum) in optimization package of the Maple 
software (41).  

 

The Nafion 115 cell system 

 

     The system equipped with a Nafion 115 membrane has been used since the values for 
the diffusion coefficients of the four vanadium ionic species through this membrane are known 
from the literature (22). Using this information, the remaining six parameters (contact 
resistance of the cell system, two reference rate constants at electrodes, the formal potential, 
the diffusion distance, and the potential gradient) can be estimated through the parameter 
estimation approach. Parameter estimation has been simultaneously carried out using four 
experimental voltage profiles of charging and discharging protocols for the first cycle (CC-CV 
charging and CC discharging for two different C-rates at C/20 and C/30). Also, for the best 
performance of the optimization problem, the diffusion distance and reference rate constants 
are expressed in term of an exponential function A B C

c a diff(k e , k e ,and e )      , and 
indices (A, B, and C) of the exponential function are used as optimizing variables since the 
original parameters 

c a diff(k , k ,and )   are too small scale (~10-6) to identify proper 
optimization values. In this section, however, the original parameters 

c a diff(k , k ,and )  are 
presented for initial guesses, lower and upper bounds, and converged values. The indices values 
can be identified by taking the logarithm function.   
 

     Initial guesses. The initial guesses for the diffusion distance, the potential gradients at 
C/30 and C/20, reference rate constants at positive and negative electrodes, the contact 
resistance, and the formal potential were 136.389 um, 0.73×10-4 V/um, 0.105×10-3 V/um, 
5.404×10-7 m/s, 2.212×10-6 m/s, 13.810 Ω, 1.436 V. 
 

     Lower and upper bounds. The lower and upper bounds for the diffusion distance were 
127 to 150.733 um. The bounds for the potential gradients at C/30 and C/20 were given as 
0.7×10-4 to 0.75×10-4 V/um and 0.1×10-3 and 0.11×10-3 V/um, respectively. The upper and 
lower bounds for reference rate constants at positive and negative electrodes were 5.044×10-7 
to 6.160×10-7 m/s and 1.851×10-6 to 2.260×10-6 m/s, respectively. The upper and lower bounds 
for the contact resistance were 12 to 15 Ω. The bound for the formal potential was given as 
1.43 to 1.45 V.  
 

     Converged parameters. The converged parameters for the diffusion distance, the 
potential gradients at C/30 and C/20, reference rate constants at positive and negative 
electrodes, the contact resistance, and the formal potential are 147.824 um, 0.749×10-4 V/um , 
0.1×10-3 V/um , 0.580×10-6 m/s, 2.255×10-6 m/s, 14.454 Ω, and 1.445 V, respectively. Also, the 
minimized MSE was 10.627 mV.  

 

The Nafion XL cell system 

 

     Voltage outputs from the model are fitted to experimental voltage data at C/30 during the 
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first cycle. By doing this, diffusion coefficients of vanadium ions for other membranes, which 
have not yet been investigated, are estimated based on the predetermined other parameters in 
the Nafion 115 cell system. For example, the Nafion XL membrane equipped static cell system 
has been considered, where diffusion coefficients have not been identified. While cell system 
parameters, including the contact resistance of the cell system, two reference rate constants at 
electrodes, and the formal potential remain the same as obtained in the Nafion 115 system, 
other six parameters including four diffusion coefficients of the ionic species through the 
Nafion XL membrane, the diffusion distance of the Nafion XL membrane, and the potential 
gradient inside the membrane are estimated through the proposed parameter estimation 
approach. The diffusion distance and diffusion coefficients of four ionic species are expressed 
in terms of exponential functions as well, where the indices appearing to the power of the 
number e are used as the parameters for optimization. In this section, the original parameters 
(the diffusion distance and diffusion coefficients of four ionic species) are reported for initial 
guesses, lower and upper bounds, and converged values, but indices of exponential function 
can be identified by taking the logarithm function.  

 

     Initial guesses. The initial guesses for the diffusion distance, the potential gradient, and 
four diffusion coefficients of V2+, V3+, VO2+, and VO2

+ were 100um, 0.58×10-4 V/um, 
9.120×10-12 m2/s, 3.981×10-12 m2/s, 2.428×10-11 m2/s, and 1.738×10-11 m2/s, respectively.  

 

     Lower and upper bounds. The lower and upper bounds for the diffusion distance were 
82.724 to 102.055 um. The bound for the potential gradient was given as 0.55×10-4 to 0.60×10-

4 V/um. The upper and lower bounds for diffusion coefficients of V2+, V3+, VO2+, and VO2
+ 

were 7.933×10-12 to 9.309×10-12 m2/s and 3.099×10-12 to 4.183×10-12 m2/s, 1.991×10-11 to 
3.185×10-11 m2/s, and 1.696×10-11 to 1.783×10-11 m2/s, respectively.  

 

     Converged parameters. The converged parameters for the diffusion distance, the 
potential gradient, and four diffusion coefficients of V2+, V3+, VO2+, and VO2

+ are 101.961 um, 
0.560×10-4 V/um, 8.699×10-12 m2/s, 3.632×10-12 m2/s, 2.597×10-11 m2/s, and 1.740×10-11 m2/s, 
respectively. Also, the minimized error was 0.693 mV. 
 

Results and Discussion 

 

The objective of this paper is to show that redox battery performance can be studied and 
analyzed using the optimization-based robust modeling framework, including physics-based 
electrochemical models and parameter estimation techniques. Accordingly, the comparison of 
voltage profiles between model predictions and experimental data and the predicted vanadium 
ions concentration are presented in Figure 5, 6, and 7. This section also discusses how the 
proposed approach can contribute to the RFB model development, providing estimation results 
of a recently published zero-dimensional model which includes only uni-directional migration 
effects (13). The importance and limitations of the proposed work and further works will be 
discussed as well.  

 

The Nafion 115 cell system 

 

     The coulombic efficiency of the Nafion 115 system is 0.73 at C/30 and 0.81 at C/20 as 
shown in Figure 5. It shows that the higher current rates give the higher coulombic efficiency 
(42). Figures 5a and 5b also illustrate the effects of migration and diffusion of the static cell 
system. To study and analyze the effects of those two main transport phenomena through the  
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Figure 5. Comparison of voltage profiles between battery model outputs and experimental data 
from the static cell system including Nafion 115, and analysis of effects of diffusion and 
migration, using the simple model. Voltage profiles at (a) C/30 and (b) C/20 (Experimental data: 
wine color and filled square dots, the VRSB model: blue color and filled circle plot, and the 
simple model: green color and empty triangle plot). Parameters were simultaneously estimated 
at C/20 and C/30, minimizing the mean of the sum-of-squared differences between the model 
and experiment outputs. 
 

 

membrane, the simple model, which does not include diffusion and migration, is presented. 
There is no crossover of ions through the membrane in the simple model. In the simple model, 
therefore, Equations 5-8 and 13-16 in Table II and III are used for charging and discharging, 
respectively, with Equations 17-21 in Table IV and the parameters in Table VI and VII. In 
Figure 5, the charging profile of the VRSB model, including diffusion and migration, is longer 
than that of the simple model, and the reverse is found for the discharging profile. Partial self- 
discharge of vanadium ions through the membrane is one of the main reasons for this capacity 
loss. To study this capacity loss in detail, Figure 6 describes the comparison of the predicted 
concentration of vanadium ions between the VRSB and simple model. Ideally, for example, 
V2+ ions should only be generated from V3+ ions through an electrochemical reaction at the 
negative electrode during charging (see Figure 6b). In real VRSB systems, however, V2+ ions 
are continuously depleted in negative electrolytes due to side reactions with VO2+/VO2

+ ions 
and crossover of V2+ ions through the membrane (see Figure 6a). Likewise, VO2

+ ions should 
be only produced for charging (see Figure 6d), but they are also depleted in the positive 
electrolytes because of their crossover and side reactions giving rise to VO2+ ions (see Figure  
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Figure 6. Comparison of predicted concentration of the different vanadium ions between the 
VRSB model and simple model at C/30. (a) V2+ (purple color and filled triangle) and V3+ (green 
color and filled diamon) concentration profiles from the VRSB model at C/30, (b) V2+ (light 
purple color and empty triangle) and V3+ (light green color and empty diamon) concentration 
profiles from the simple model at C/30, (c) VO2+ (blue color and filled triangle) and VO2

+ 

(orange color and filled diamond) concentration profiles from the VRSB model at C/30, and 
(d) VO2+ (light blue color and empty triangle) and VO2

+ (light orange color and empty diamond) 
concentration profiles from the simple model at C/30. An imbalance of the vanadium ion 
concentration between the positive and negative electrolytes causes capacity loss/fade of 
VRSB/VRFBs.  

 

 

6c). The self-discharge of vanadium ions, which happens during charging, causes a slower 
charge until the cell is achieved at the maximum voltage. In contrast, this self-discharge leads 
to faster discharge and shorter discharge time. During discharge, V2+ and VO2

+ ions are 
depleted due to electrochemical reactions at the negative electrode and their side reactions with 
other vanadium ions and crossover through the membrane, thereby dropping the concentration 
of V2+ and VO2

+ ions faster (see Figure 6a and 6c). For this reason, the self-discharge of 
vanadium ions, which happens during discharging, causes a faster discharge until the cell is 
achieved at the minimum voltage. Importantly, the VRSBs/VRFBs do not produce any inert 
third compound, such as Li- ion SEI/plating, that can cause irreversible capacity loss (43). 
Rather, side reactions in VRSBs/VRFBs are disproportionate reactions, which convert 
vanadium ions from one oxidation state to another state (11). 
 

The Nafion XL cell system 

 

     Figure 7a presents the comparison of voltage profiles between model outputs and  
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Figure 7. Comparison of voltage profiles between battery model outputs and experimental data, 
and predicted vanadium ion concentrations vs. capacity, for the static cell system including 
Nafion XL membrane at the first cycle. (a) Voltage profiles from experiment data (wine color 
and filled square) and model outputs (blue color and filled circle) at C/30 (b) V2+ (charge: green 
color and filled diamond, and discharge: green color and empty diamond) and V3+ (charge: 
purple color and filled triangle, and discharge: purple color and empty triangle) concentration 
profiles at C/30. (c) VO2+ (charge: blue color and filled triangle, and discharge: blue color and 
empty triangle) and VO2

+ (charge: orange color and filled diamond, and discharge: orange color 
and empty diamond) concentration profiles at C/30. Parameters were estimated at C/30 based 
on cell system parameters predetermined in the Nafion 115 system, minimizing the mean of 
sum-of-squared differences between the model and experiment outputs.  

 

 

experimental data. Figures 7b and 7c show the predicted concentration of V2+, V3+, VO2+, and 
VO2

+ ions of the static cell system having Nafion XL membrane. Like the Nafion 115 system, 
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the change in concentration of V2+/V3+ ions is smaller than that of VO2+/VO2
+ ions during 

charging, and the reverse is found during discharging. The imbalance of vanadium ion 
concentration between the positive and negative electrolytes causes capacity loss/fade of 
VRSBs. The imbalance of the Nafion XL system is more severe than the system of Nafion 115. 
 

Importance of proposed work 

 

     The proposed parameter estimation technique can be used as a way to track the effects 
of capacity loss/fade. As we mentioned earlier, one of the main reasons of the redox batteries’ 
capacity loss/fade is ions’ crossover through the membrane (11), and this can be linked to 
transport and kinetic parameters. The proposed optimization-based approach can be used to 
update the transport and kinetic parameters or any degradation inputs of redox batteries within 
a short period. Any mismatch between model and data over cycles can be resolved with the 
updated parameters, and controls of the redox batteries with precise predictions based on the 
proposed work might lead to longer battery life and lower battery cost.  
 

Conclusion 

 

This work is an attempt to estimate all parameters of physics-based electrochemical 
engineering models for VRSBs. This study used a zero-dimensional electrochemical 
engineering model, which includes mass balance equations of vanadium ions in addition to the 
other equations covering the aspects of cell voltage, formal and overpotential, the diffusion 
distance, the potential gradient inside a membrane, etc. This work reports that VRSB/VRFB 
system can be studied and analyzed in detail based on the parameter estimation approaches, 
using physics-based electrochemical models. This work provides a way to study and analyze 
other RFBs based on parameter estimation techniques. The proposed approach of parameter 
estimation is very generic and can be extended for estimation of parameters for other RFB 
models incorporating different chemistry as well as complexity (0-D to 3-D).  
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TABLE IV. Additional Equations of All-Vanadium Redox Static Batteries  

Equations No. 
rev

cell cell app electrode contact app 2 1

mem

d
E (t) E (t) j A R j (t) (t) 


      [17] 

2
2

3 2

V VOrev

cell 0

V VO

C (t)C (t)RT
E (t) E ln

F C (t)C (t)

 

 

 
    

 
 [18] 

3 2 2
2

app app

1 2

a cV V VO VO

i i2RT 2RT
(t) arcsin , (t) arcsin

F F2Fk C (t)C (t) 2Fk C (t)C (t)
 

   

  
    

      

 [19] 

a a,ref c c,refa c

0 ref 0 ref

F 1 1 1 F 1 1 1
k k exp ( ) , k k exp ( )

E R T T E R T T

   
        

   
 [20] 

mem

1 1
(0.5139 0.326)exp 1268( )

303 T
      

 
  [21] 
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TABLE V. Variables of All-Vanadium Redox Static Batteries 

Symbol Variable Units 

2V
C (t)  Concentration of Vanadium (II) 3molm  

3V
C (t)  Concentration of Vanadium (III) 3molm  

2VO
C (t)  Concentration of Vanadium (IV) 3molm  

2VO
C (t)

 Concentration of Vanadium (V) 3molm  

cellE (t)   Cell voltage  V   

rev

cellE (t)  Open circuit voltage V  

1(t)  Overpotential at anode V  

2 (t)  Overpotential at cathode V  
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TABLE VI.  Parameters of All-Vanadium Redox Static Batteries 

 

Table 3
Symbol Parameter Values Units 

d  
Thickness of membrane - Nafion 115 

6127 10  

m  
- Nafion XL 627.5 10  

memA  Cross sectional area of the membrane 41.766 10   
2m  

elecA  Surface area of the electrode for reaction 42.3 10   
2m  

rV  Volume of electrolyte  
510   3m  

T  Temperature 298   K  

appi  Applied current  
3C / 20:1.34 10   

A   
3/ 30 :0.89 10C  

appj  Current density 
C / 20:5.826  2A m

 
/ 30:3.870C  

F  Faraday constant 96485.3365   
1sAmol  

   The membrane water content 22    

R  Ideal gas constant 8.314  
1 1J K mol 

 

2V
D   V2+ diffusion coefficient of Nafion 115 

110.877 10   
2 1m s   

3V
D   V3+ diffusion coefficient of Nafion 115 

110.322 10   
2 1m s  

2VO
D   VO2+ diffusion coefficient of Nafion 115  

110.683 10   
2 1m s  

2VO
D   VO2

+ diffusion coefficient of Nafion 115 
110.590 10   

2 1m s  

a

0E  Reference potential at anode reaction 0.26  V 

c

0E  Reference potential at cathode reaction 1.004  V 
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TABLE VII. Estimated Parameters of All-Vanadium Redox Static Batteries 

Table 3

Symbol Parameter Lower bound Upper bound Initial guess Final value 

(Units) 

contactR  Resistance 12 15 13.810 14.454  

( ) 
c,refk  Reference rate constant at 

positive electrode 

5.044×10-7 6.160×10-7  5.404×10-7  

 

0.580×10-6 

( 1ms ) 

a,refk  Reference rate constant at 
negative electrode 

1.851×10-6  2.260×10-6  2.212×10-6 2.255×10-6 

( 1ms )  

0E  Formal potential 1.43 1.45 1.436 1.445  

( V )  

diff  Diffusion distance  

Nafion 115 

127 150.733 136.389 147.824  

( um ) 
Nafion XL 82.724  102.055  100 101.961 

( um ) 
  Potential gradient 

Nafion 115 at C/30 

 

0.7×10-4 

 

0.75×10-4 

 

0.73×10-4 

 

0.749×10-4 

( V / um ) 
          At C/20 0.1×10-3  0.11×10-3  0.105×10-3 

 

0.1×10-3 

( V / um ) 
 Nafion XL system 0.55×10-4 0.6×10-4 0.58×10-4 

 

0.559×10-4 

( V / um ) 

2V
D   V2+ diffusion coefficient 

for Nafion XL 

7.933×10-12  9.309×10-12  9.120×10-12  8.699×10-12 

( 2 1m s )  

3V
D   V3+ diffusion coefficient 

for Nafion XL 

3.099×10-12  4.183×10-12  3.981×10-12  3.632×10-12 

( 2 1m s  ) 

2VO
D   VO2+ diffusion coefficient 

for Nafion XL 

1.991×10-11  3.185×10-11  2.428×10-11  2.597×10-11 

( 2 1m s )  

2VO
D   VO2

+ diffusion coefficient 
for Nafion XL 

1.696×10-11  1.783×10-11  1.738×10-11  1.740×10-11 

( 2 1m s )  
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